We investigate theoretically the use of non-ideal ferromagnetic contacts as a mean to detect quantum entanglement of electron spins in transport experiments. We use a designated entanglement witness and find a minimal spin polarization of η > 1/ √ 3 ≈ 58% required to demonstrate spin entanglement. This is significantly less stringent than the ubiquitous tests of Bell's inequality with η > 1/ 4 √ 2 ≈ 84%. In addition, we discuss the impact of decoherence and noise on entanglement detection and apply the presented framework to a simple quantum cryptography protocol. Our results are directly applicable to a large variety of experiments.
I. INTRODUCTION
Quantum entanglement is a fundamental aspect of Nature and an essential resource in quantum information protocols. Entanglement between freely propagating photons has been extensively investigated over decades. One of many important steps is the electrically driven generation of entangled photons on demand demonstrated recently. 1 In such experiments entanglement is detected in correlation experiments with standard large-efficiency polarization beam splitters as an important element. In solid state devices the electron spin degree of freedom can in principle be used to encode qubits.
2 A straightforward way to detect electron spins is to measure the electrical current through ferromagnetic materials. Since most materials show only a partial spin polarization, we face the question of what the consequences of non-ideal detectors are for entanglement detection and different quantum information schemes. In addition, in a solid state environment the generation of two-particle entanglement and its detection are rather difficult due to the strong coupling to the environment.
The controlled generation of electron spin entanglement came into reach with theoretical proposals 3, 4 and experimental realizations where a superconductor is used as a source of correlated electrons in a process known as Cooper pair splitting. [5] [6] [7] [8] [9] [10] Similarly, also a quantum dot in a singlet state might act as a source of spin-entangled electrons. 11, 12 Proposals to detect entanglement between electron spin states in a solid state environment are usually based on a test of Bell's inequality. Such inequalities not only test quantum entanglement, but more generally the quantum description of Nature, and thus are more restrictive than required to make a statement about entanglement alone. In other words: Bell's inequalities are not optimal entanglement witnesses.
Here we report the use of various entanglement witnesses based on ferromagnetic contacts and compare it to a test of Bell's inequality in the presence of noise and decoherence. 13 The analysis can be extended easily to other quantum information tasks in a variety of systems and we briefly discuss the example of a simple quantum cryptography application.
In a ferromagnetic material the density of states for the two spin species ↑ (up) and ↓ (down) are different. For the electron transport in the linear regime the properties at the Fermi energy are relevant and one defines the spin polarization
Spin information is translated into a charge signal by the fact that the probability of an ↑ electron to enter the magnetic material is different than for ↓ electron. However, most magnetic materials show non-ideal spin polarization with η < 1, which leads to ambiguous information about the spin states, i.e. the spin is wrongly detected with the probability 1 − η. The effect of this measurement error directly leads to the question of what the lower limits of spin detection efficiency are for a given task, e.g. to detect quantum entanglement or to perform a quantum cryptography protocol. The paper is organized as follows: In Sec. II we review Werner states, a mixture of maximally entangled state and white noise. Section III describes the non-ideal ferromagnetic detection process, while in Sec. IV we show the equivalence of ferromagnetic non-ideal detection with ideal transmission channels and ideal detection with a noisy depolarizing channel. In Sec. V we construct an entanglement witnesses and calculate the required detector efficiencies. In Sec. VI we compare these results to a test of Bell's inequalities and in Sec. VII we apply the formalism to a simple quantum cryptography task. In Sec. VIII and Sec. IX we discuss the impact of white noise as well as spin relaxation and dephasing, respectively. We summarize our results in Sec. X and propose a road map for the detection of electron spin entanglement. Figure 1 shows a generic entanglemet detection scheme, where a source emits pair-wise entangled electrons into two (e.g. spatially) separated transport channels, each connected to a ferromagnetic detector. For example, the two particles can be in a singlet (Bell) state
II. PARTIALLY ENTANGLED WERNER STATES
where A and B denote the two subsystems.
In real experiments the emitted quantum state is affected by external sources of noise and decoherence discussed later, with the effect that the original entangled state evolves into a mixed state. The form of this new state depends on the nature of the interaction with the environment, but it is most commonly modeled as 'white noise' in the form of a Werner state, 14 i.e. a mixture of a maximally entangled state and white noise:
where 0 ≤ λ ≤ 1 is the visibility parameter and I the identity operator. Werner states have been studied intensely in the field of quantum information theory and to investigate the relation between quantum entanglement and nonlocality. FIG. 1: Schematic of a source of entangled electrons (left) connected to two conducting channels for two subsystems (electrons) A and B, each with a ferromagnetic detector. The subfigures depict two equivalent ways of considering a non-ideal measurement: (a) a quantum state ρ is measured using non-ideal (η < 1) ferromagnetic detectors, or (b) each particle passes through a noisy depolarizing channel (E) which transforms ρ, which is then measured with ideal detectors (η = 1). This discussion of Werner states demonstrates that entanglement detection is not equivalent to a violation of Bell's inequality. The former relies on the quantum description of nature, while the latter for example excludes LHV models and probes the very core of quantum mechanics.
III. QUANTUM DESCRIPTION OF FERROMAGNETIC DETECTORS
We assume that the transport channels and the ferromagnetic detectors carry quasi-particles described as single electron spins. First we aim to detect the projection of an arbitrary spin state on | ↑ n and | ↓ n , determined by the quantization axis n defined by the magnetization of the detectors. In ideal ferromagnets the electric current is fully spin-polarized, which transforms the spin information into the charge information (electric current) by the spin-dependent resistance of the device. The latter can be measured with high precision. Using such detectors we can perform von Neumann measurements described by projection operators
The probability of obtaining a result i ∈ {↑, ↓} n in a measurement on the state ρ is given by p i = Tr(P i ρ) in this ideal case.
However, with non-ideal ferromagnetic detectors with a finite density of states for both spin components at the Fermi surface, an electron in an eigenstate, e.g. | ↑ n , can enter the contact with opposite majority spins and be detected wrongly as | ↓ n with nonzero probability. Such a measurement process is commonly described by a positive operator valued measure (POVM). 21 In general, a POVM is a set of operators M i that are positive and fulfill the completeness relation M i = I, with I the identity operator. The elements of the POVM describing inefficient detectors can be chosen as:
with Γ + + Γ − = 1. It is intuitive to relate Γ + and Γ − to the spin-dependent density of states ν σ of a ferromagnetic detector by
For later use it is more convenient to express the Γ ± in terms of the spin polarization of the ferromagnetic material η:
where the spin polarization η ∈ [0, 1] is also a measure for the efficiency of the detectors. Each spin state is detected with the probabilityp i = Tr(M i ρ). We note that for η = 1 one recovers the projective measurements. The measurement of an electron spin along a given direction n with an ideal detector (η = 1) can be written as the expectation value of the operator
withσ n = σ · n and σ the vector containing the Pauli matrices. A measurement with non-ideal detectors (η < 1) is equivalent to measuring the observableσ (η) n with ideal detectors, wherê
From (6) one directly findsσ (η) n = ησ n , which underlines the importance of the spin polarization of the ferromagnetic contact η as the efficiency of the detection process.
IV. EQUIVALENCE OF NON-IDEAL MEASUREMENTS AND A DEPOLARIZING CHANNEL
In the previous section we have constructed a spin measurement operator for non-ideal ferromagnetic detectors and an input state ρ. Now we demonstrate that the use of this measurement operator is equivalent to a specific depolarizing operator E(ρ) acting on state ρ in the transport channels, and the subsequent detection by ideal (η = 1) ferromagnetic contacts. This view is depicted schematically in Fig. 1 . First, we define the depolarizing channel E by
and show that for any observable O the following expression holds:
To proof this equality, we reparametrize E(ρ) with η = 1+3η 4
and the Pauli matricesσ i ,
Evaluating the trace yields
where in the third line we used the linearity of the trace and its invariance under cyclic permutations of the inner matrices. In particular, one observes that:
which, together with Eq. (10), shows the equivalence of non-ideal detectors and a depolarization mechanism of the form of Eq. (9) with ideal detectors:
V. ENTANGLEMENT WITNESSES
A. Optimal entanglement witness
A quantum state ρ AB is entangled, if it is not separable, i.e. if it cannot be written as a convex combination of product states in any basis:
with q i ≥ 0 and i q i = 1. The necessary and sufficient condition for separability is limited to density matrices on H = C 2 ⊗ C 2 and
The former is the case for the problems discussed here. In particular, a state ρ AB is separable if and only if all eigenvalues of the partial transpose ρ T B AB applied on one subsystem B are positive or zero. The partial transpose is defined by
An elegant way of detecting entanglement (not only restricted to low dimensional systems) are entanglement witnesses (EWs). 16, 22 An EW is a hermitian operator (observable) W with expectation values W < 0 for at least one entangled state and W ≥ 0 for all separable states.
For a given class of states it is possible to construct an EW as
where |ϕ AB is the normalized eigenvector corresponding to a negative eigenvalue of ρ
AB . Assuming that we aim to detect maximally entangled singlet states, we insert ρ AB = |Ψ − Ψ − | AB , which yields the corresponding EW operator
We note that this construction can be applied to any other entangled state expected to be generated in an experiment. W can be decomposed into spin operators that can be measured locally:
Now we can calculate the minimum detector efficiency required to witness the entanglement of a maximally entangled input state, here |Ψ − Ψ − | AB , using the EW operator in Eq. (19) . Since the two particles are measured separately, each by non-ideal detectors with the same efficiency η, we can view the inefficient detection as each particle of the input state passing an independent depolarizing channel, which results in a Werner state:
This state is then measured by ideal detectors with an expectation value
which is negative for spin polarizations
This value is a lower bound to the spin polarization of ferromagnetic detectors to detect the entanglement of maximally entangled electron pairs. These calculations were made using the picture of a noisy transport channel, which is convenient to obtain the minimum efficiency. One obtains the same result using the observable
on the singlet state of Eq. (2), in accordance to Eq. (10). We note that the spin correlators in Eq. (23) can be expressed using the experimentally accessible electric current correlators, which we demonstrate in detail in Appendix A.
B. Entanglement witness with a reduced number of correlators
To measure the expectation value of the EW in Eq. (19) is a formidable experimental challenge, since it requires three orthogonal magnetization directions accessible in the same device. For this reason we now make use of a reduced EW that contains only two correlators, [24] [25] [26] e.g.
(In Appendix B we give a simple argument showing that V xy ≥ 0 for all separable states, whereas for a maximally entangled state we have V xy < 0.) In contrast to W, V xy allows us to detect entanglement by measuring spins only along two orthogonal axes, for example in the substrate plane of a device. Again, we calculate the minimum requirement for the spin polarization in the leads to detect entanglement using V xy . The expectation value for the noisy input state in Eq. (20) is
which is negative for the spin polarization
For isotropic systems this condition also holds for measurement along the other axes with the EWs
As we can see, the reduction of the number of measured correlators necessitates the use of more efficient detectors, i.e. materials with larger spin polarization.
VI. VIOLATION OF BELL'S INEQUALITIES
In this section we derive the minimum detection efficiency for test the Bell's inequality in the form of CHSH inequality when using ferromagnetic detectors for electron spins 27 to compare with the minimum efficiencies for the EWs derived above.
First, we review the CHSH version of Bell's inequality. 19 Let us assume that there is a local hidden variable description of the system with a set of variables that completely determine the outcomes of all measurements performed by two spatially separated parties.
Hence, on average
which is CHSH inequality. However, in a quantum mechanical description the maximum of this expression is 2 √ 2 so that the bound on local hidden variable theories can be violated.
Consider now an operator associated with the CHSH inequality of the form
where a, b, c and d are arbitrary unit vectors. The corresponding CHSH inequality is violated if for a given state we have B CHSH > 2. The maximum violation B CHSH = 2 √ 2 occurs for a singlet state and the measurement directions
More generally, a two-qubit state ρ AB violates the CHSH inequality if
where
By choosing O = B CHSH in Eq. (10) the measurement of the maximally entangled state with non-ideal detectors can be expressed by the measurement of the Werner state in Eq. (20) with an ideal measurement apparatus. A straightforward calculation shows that for this state all eigenvalues of R T R are λ i = η 4 . By inserting these values into Eq. (33) one finds that a violation of the CHSH inequality is obtained for spin polarizations or detector efficiencies
in accordance with Ref. [27] . This minimal polarization is significantly larger than that for the EWs suggested in Eqs. (22) and (26) . In other words, the requirements for testing Bell's inequalities with ferromagnetic detectors are much stronger than for detecting entanglement with the EWs.
VII. QUANTUM CRYPTOGRAPHY WITH NON-IDEAL DETECTORS
One of the most profoundly explored quantum information tasks is quantum cryptography (QC), 29 i.e. a protocol that converts correlations obtained from pairs of entangled qubits into secret bits shared by two parties. The single qubit measurements necessary in such protocols can introduce errors, especially when performed with ferromagnetic detectors.
As an example we determine the minimum required detector efficiency for SIngle-copy Measurement and ClAssical Processing (SIMCAP) protocols. Such protocols are of special interest when using ferromagnetic detectors as they do not comprise coherent quantum operations, and thus may be experimentally accessible with present day technology.
The basics of SIMCAP key distillation protocols can be described as follows. 30 Suppose that two parties share M copies of a known state ρ AB . In the first step of the protocol, each party performs a filtering process, 31 so that if it succeeds the resulting state is diagonal in the Bell basis
with λ i ≥ 0 and i λ i = 1. In the next step each party performs a local unitary ordering transformation with the result that
After this, a measurement in the basis {| ↑ , | ↓ } is performed on each qubit and, depending on the outcomes, each party assigns a 0 or 1 to each measurement. The two parties then share a list of partially correlated bits, which in turn should be processed in a procedure of advantage distillation 32 and one-way key extraction, 33 which are performed with the use of possibly insecure but authenticated public classical communication channels. All these processes are classical procedures that do not require any quantum operations.
With such a protocol it is possible to generate a cryptographic key that is secure against any eavesdropping, provided that
To obtain the minimum detector efficiency in such a protocol, we assume that we perform the cryptographic protocol given some large number of copies of the state |Ψ − Ψ − | and using non-ideal ferromagnetic detectors (η < 1). The problem can again be viewed as using ideal detectors, but performing measurements on a state given in Eq. (20) . For this we find
which, when inserted into the condition Eq. (38), yields the minimal detector efficiency for a SIMCAP protocol
This requirement is stronger than for the detection of entanglement, but weaker than for testing Bell's inequality.
VIII. NON-IDEAL ENTANGLEMENT SOURCES
In the above analysis of entanglement detection using EWs or Bell operators, we studied pure Bell states in Eq. (2) as input states. Although high-efficiency sources of entangled spins might be possible, 8 one should investigate the impact of a non-ideal entanglement source. To simulate this, we assume that a maximally mixed component (white noise) is added to the maximally entangled Bell state, which yields a Werner state as in Eq. (3) with the visibility parameter λ. Taking into account the nonideal detectors in the picture of a quantum depolarizing channel with ideal detectors, one finds directly
i.e. a Werner state with the visibility parameter λη 2 . The analysis is then the same as for the state in Eq. (20) , so that we find the expectation values for the EWs as
and V xy = V xz = V yz . Similarly, the condition for the violation of CHSH inequality reads In Fig. 3 the boundaries for entanglement detection are plotted for the different EWs as a function of the detector efficiency or spin polarization η and the visibility parameter λ of the Werner state of the emitted electron pair of the entanglement source. It is easy to understand that for larger noise levels (smaller visibility and reduced entanglement) better detectors are required to perform the entanglement detection.
IX. SPIN RELAXATION AND DEPHASING
The effects of relaxation and dephasing of the electron spins in real transport channels are not described by Werner states, but cannot be neglected in our investigation. In the following we adopt a phenomenological model for spin decoherence 34 used recently to obtain limits for the relaxation and the dephasing times in entanglement detection with CHSH inequality. 35 Here we use this model to find the conditions for detecting entanglement using the presented EWs and for finding the optimal angles in B CHSH also for noisy states of the form in Eq. (3), all using non-ideal detectors. Spin decoherence can be described by the channel Λ that acts on each particle's state as:
, and T 1 and T 2 are the spin relaxation and the spin dephasing times, respectively. t L = L/v F is the ballistic transmission time though the transport channel, with L the length of the channel and v F the Fermi velocity. We note that in this model the dephasing time includes pure dephasing as well as dephasing due to relaxation process, which in general are related by
where T * 2 is the time-scale for pure dephasing. In particular, for pure relaxation we have T 2 = 2T 1 .
Assuming that decoherence and relaxation are independent in each channel, the pure singlet state evolves into
which is not a Werner state, but still diagonal in the Bell basis.
The expectation values of the EWs can then be found as
The ranges of t L /T 1 and t L /T 2 for which these mean values are negative are presented in Fig. 4 . It should be stressed that, although the mean values of different EWs calculated for the singlet state |Ψ − Ψ − | were equal, the decoherence described by Eq. (45) 
which suggests a much broader parameter range to detect entanglement by means of violation of the CHSH inequality than found in earlier studies. 35 Here we use 
while for T 1 > T 2 :
where sin θ = 1/ 1 + exp(−4∆), cos θ = 1/ 1 + exp(4∆) and ∆ = t L ( Fig. 4 we plot the boundaries for the violation of the CHSH inequality as a function of the parameters t L /T 1 and t L /T 2 . The kink in this curve is due to the change of the optimal detector angles between Eq. (53) and Eq. (54).
The analysis can be further generalized to Werner states given by Eq. (20) as a result of white noise and nonideal detectors. Again, in the spirit of Fig. 1 , this case can be viewed from two perspectives: an incoming initial state ρ W AB (λ) propagates through the transport channels and is affected by relaxation and decoherence (Λ A ⊗ Λ B ), and the resulting state is measured with non-ideal ferromagnetic detectors. In turn, one can also perceive the problem as a spin measurement with ideal detectors on a state
where the first equality can be found by direct calculation. From this expression we can calculate the expectation values of the different EWs:
Entanglement is detected whenever these values are negative. Again we note that the xy plain becomes discriminated due to the specific character of the decoherence process. Namely, we see that due to the absence of the correlatorσ z ⊗σ z in the witness V xy , the effect of relaxation can be measured only with respect to dephasing. The condition for the violation the CHSH inequality reads
when using the optimal set of angles given in Eq. (53) and Eq. (54). Eqs. (56) -(58) and the CHSH inequality in Eq. (59) show that in the presence of spin relaxation and dephasing, ferromagnetic detectors with a larger efficiency, i.e. with a higher spin polarization, are required to demonstrate spin entanglement.
X. SUMMARY AND DISCUSSION
We have used several entanglement witnesses (EWs) for detection of the electrons spin states entanglement and discussed the impact of non-ideal ferromagnetic detectors, white noise, spin relaxation and decoherence. In addition, we compare these results to tests of Bell's inequality and calculate detector efficiency requirement for a quantum cryptography protocol. We can order these different experiments by increasing requirements for the detector efficiencies or spin polarization and propose a "road map" for proving spin entanglement or a violation of Bell inequality with electron spins:
(i) A spin correlation measurement with colinear magnetizations of the detector leads can show
which is possible for any η > 0. This experiment would prove that two electrons from a source contact have opposite spins.
(ii) Assuming that the system under consideration is rotationally invariant, which is true for all Werner states, we have that σ z ⊗σ z = σ x ⊗σ x = σ y ⊗σ y . Then if a single collinear spin correlator fulfills the inequality
which is technically less demanding than three orthogonal correlators measurements, one could argue that from Eq. (61) we have W < 0 which requires the spin polarization η > 1/ √ 3 ≈ 0.58. Note, however, that the original assumption is crucial here: if the state under consideration is e.g. a product state | ↑ z A ⊗ | ↓ z B , then σ z ⊗σ z = −1, whereas σ x ⊗σ x = σ y ⊗σ y = 0, and in this case we would not be able to distinguish between the product state and the maximally entangled singlet state.
(iii) Experimentally more demanding is to measure EWs with two collinear in-plane spin correlators such as V xy < 0, which requires η > 1/ √ 2 ≈ 0.71. (iv) More difficult is to test the condition W < 0 without the assumption of rotational invariance. It requires the measurements of three collinear correlators in the x, y, and z directions. The condition for the spin polarization η > 0.58 is less restrictive than for the previous case, but the engineering of the magnetization directions might be less trivial.
(v) In order to perform a quantum cryptographic SIM-CAP protocol using pure singlet states, the spin polarization of spin detectors have to be η > 0.67.
(vi) We find that the most difficult task to perform is the violation of Bell's inequalities. It would require inplane measurements of four noncollinear spin correlators and the largest detector efficiencies, η > 0.84.
Note, however, that all the above threshold values apply to measurements on the pure singlet states, whereas for noisy states they are respectively more stringent.
Nanometer scale contacts with spin polarizations larger than 58% are difficult to fabricate. Ferromagnetic materials used to contact nanostructures, 36,37 like the elements Ni, Co and Fe, or simple alloys, are limited to polarizations in the range of 30 − 50%. [38] [39] [40] In principle, spin polarization of close to 100% could be obtained in half-metals, for which several candidates are currently investigated extensively. Up to 90% polarization was reported for CrO 2 40,41 which, however, is metastable in air and decomposes into other oxides. A series of ternary and quaternary Heusler alloys exhibit polarizations up to 74%. 42 The fabrication of a nanoelectronic device with La 0.7 Sr 0.3 MnO 3 (LSMO) contacts was already demonstrated, possibly with a polarization on the order of 80% 43 . Another possible route to spin injection and detection is the use of ferromagnetic insulators as tunnel barriers. 44 Though the device fabrication with all these compounds is rather involved and requires a very high degree of material and interface control, the reported polarizations demonstrate the feasibility of detecting entanglement with ferromagnetic detectors. science for the years 2009-2015. WK and AG were supported by the Polish Ministry of Science and Higher Education Grant no. IdP2011 000361. WK thanks the Foundation of Adam Mickiewicz University in Poznań for the support from its scholarship programme.
Appendix A
To determine the expectation value of the entanglement witnesses one has to measure the spin correlation n A ·σ ⊗n B ·σ . It can be expressed in terms of the correlators Nn A α (τ )Nn B β (τ ) of electrons number with spin α (β) detected at a time τ in the detector A (B) that correspond to a coincidence counting in the limit when a single particle per detector arrives at a time τ . The spin correlation is given by For simplicity we consider the tunneling regime when the current pulses width is smaller than their spacing. As it was demonstrated in Ref. 45, 46 , even though it is technically difficult to detect individual current pulses, it is possible to determine the correlators Nn A α (τ )Nn B β (τ ) by measurement of low frequency current correlations (noise). The correlators can be obtained by integrating the current correlator over time, 
where δIn A α (t) = In A α (t) − In A α (t) . In the limit when τ is larger than the current pulses width the correlator form Eq. (A2) is given by 
If we set: |ψ = sin α| ↑ + e iθ cos α| ↓ , |φ = sin β| ↑ + e iφ cos β| ↓ ,
we obtain: 
which proves that V xy , V xz and V yz are EWs.
